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Abstract
We shall present several Hanner type inequalities with a weight constant and characterize 2-uniformly
smooth and 2-uniformly convex Banach spaces with these inequalities. p-Uniformly smooth and q-uni-
formly convex Banach spaces will be also characterized with another Hanner type inequalities with a weight
in the other side term. The best value of the weight in these inequalities will be determined for Lp spaces.
Also we shall present a duality theorem between these inequalities in a generalized form.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Hanner’s inequalities, which were used to determine the modulus of convexity of Lp , are
stated as follows ([3]; cf. [7]): For all x, y in Lp ,
‖x + y‖pp + ‖x − y‖pp 
∣∣‖x‖p + ‖y‖p∣∣p + ∣∣‖x‖p − ‖y‖p∣∣p if 1 < p  2, (1)
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∣∣‖x‖p + ‖y‖p∣∣p + ∣∣‖x‖p − ‖y‖p∣∣p if 2 p < ∞. (2)
These inequalities were generalized by A. Kigami, Y. Okazaki and Y. Takahashi [4,5] to the
































if 2 p < ∞, (4)
where {j } is a Rademacher sequence and E denotes the mathematical expectation.
In this paper we shall present several Hanner type inequalities with a weight in a general
Banach space X and characterize the 2-uniform convexity and 2-uniform smoothness of X etc.
with these inequalities. (Some of our results were announced in [12]. In [8] a different type of
Hanner’s inequality with a weight is discussed.) Section 2 will be devoted to some definitions
and preliminary results. In Section 3 we shall prove that a Banach space X is 2-uniformly convex


























holds for all finite systems x1, . . . , xn in X. The reverse inequalities characterize the 2-uniform
smoothness of X. In Section 4 we shall show a duality theorem between the inequality (5) and
its reverse in a general form. In Section 5 by putting a weight γ in the other side term we
shall consider another Hanner type inequalities with a weight, which in turn characterize the p-
uniform smoothness and q-uniform convexity of X. In the final section the best value of γ in
these inequalities will be determined for Lp-spaces.
2. Preliminaries
We start with recalling some preliminary results and definitions. The following fundamental
inequalities are well known.




































In what follows let {j } denote a Rademacher sequence, that is, {j } are independent random





















1230 Y. Yamada et al. / J. Math. Anal. Appl. 324 (2006) 1228–1241Lemma 2. (Lindenstrauss and Tzafriri [6, p. 76].) Let X be a Banach space. Let 1 < p  q < ∞
and γ = √(p − 1)/(q − 1). Then:
(i) For all x, y in X,







































A Banach space X is called q-uniformly convex (2  q < ∞) if there is C > 0 such
that δX()  Cq for all  > 0, where δX() is the modulus of convexity of X: δX() =
inf{1 −‖(x + y)/2‖: ‖x‖ = ‖y‖ = 1,‖x − y‖ = } (0   2). X is called p-uniformly smooth
(1 < p  2) if there is K > 0 such that ρX(τ)  Kτp for all τ  0, where ρX(τ) is the mod-
ulus of smoothness of X: ρX(τ) = sup{(‖x + τy‖ + ‖x − τy‖)/2 − 1: ‖x‖ = ‖y‖ = 1}. These
properties are characterized with q-uniform convexity and p-uniform smoothness inequalities as
follows.
Lemma 3. (q-Uniform convexity inequalities [11]; cf. [1,2,9].) Let X be a Banach space and let
2 q < ∞, 1 < s ∞. Then the following are equivalent:
(i) X is q-uniformly convex.




(‖x‖q + ‖Cy‖q)1/q . (7)
















Further 0 < C  1 and in case of 1 < s  q one can take the same C in (ii) and (iii).
Lemma 4. (p-Uniform smoothness inequalities [11]; cf. [1,2,9].) Let X be a Banach space and
let 1 < p  2, 1 s < ∞. Then the following are equivalent:
(i) X is p-uniformly smooth.




(‖x‖p + ‖Ky‖p)1/p. (9)
















Further K  1 and in case of s  p one can take the same K in (ii) and (iii).
Remark 1. In Takahashi et al. [11] a Banach space X is called of strong type p (1 < p  2) if
there exists K  1 such that (10) holds with some 1  s < ∞. Similarly X is called of strong
cotype q (2 q < ∞) if there exists 0 < C  1 such that (8) holds with some 1 < s ∞.
3. Hanner type inequalities and 2-uniform convexity
Owing to the parallelogram law the real field R is 2-uniformly smooth and 2-uniformly con-
vex. More precisely, we have the following.
Lemma 5. Let 1 < t < ∞ and let C = min{1,√t − 1}, K = max{1,√t − 1}. Then for all real



























( |a + βb|2 + |a − βb|2
2
)1/2
= (|a|2 + |βb|2)1/2, (12)




















































|√t − 1aj |2
)1/2
. 
1232 Y. Yamada et al. / J. Math. Anal. Appl. 324 (2006) 1228–1241Theorem 1. Let X be a Banach space. Let 1 < p, s, t < ∞. Then the following are equivalent:
(i) X is 2-uniformly convex.
(ii) There exists γ > 0 for which
‖x + y‖p + ‖x − y‖p  ∣∣‖x‖ + ‖γy‖∣∣p + ∣∣‖x‖ − ‖γy‖∣∣p (13)
holds in X.



























where {j } is a Rademacher sequence.































































The implication (iv) ⇒ (iii) is clear.








( |‖x‖ + ‖γ ′y‖|2 + |‖x‖ − ‖γ ′y‖|2
2
)1/2
= (‖x‖2 + ‖γ ′y‖2)1/2,
where γ ′ = min{γ, γ√t − 1}. Hence X is 2-uniformly convex.
Y. Yamada et al. / J. Math. Anal. Appl. 324 (2006) 1228–1241 1233The implication (i) ⇔ (ii) is obtained by putting s = t = p in the equivalence of (i) and (iii).
This completes the proof. 
Remark 2.
(i) In the inequalities (13), (5) and (6) we have 0 < γ  1. (Put x = 0 in (13), (5) and x1 = · · · =
xn−1 = 0 in (6).)
(ii) The right-hand side terms of (13) and (5) are non-decreasing in γ . Indeed let 1 < t < ∞ and
let
f (γ ) = ∣∣‖x‖ + γ ‖y‖∣∣t + ∣∣‖x‖ − γ ‖y‖∣∣t = |α + γβ|t + |α − γβ|t(‖x‖ = α,‖y‖ = β).
Then we have f ′(γ ) = tβ(α + βγ )t−1 − tβ|α − βγ |t−1sgn(α − βγ ) 0. The same is true

























Theorem 2. Let X be a Banach space and let 1 < p, s, t < ∞. Then the following are equivalent:
(i) X is 2-uniformly smooth.
(ii) There exists γ > 0 for which
‖x + y‖p + ‖x − y‖p  ∣∣‖x‖ + ‖γy‖∣∣p + ∣∣‖x‖ − ‖γy‖∣∣p (14)
holds in X.



























where {j } is a Rademacher sequence.






























































The implication (iv) ⇒(iii) is clear.








( |‖x‖ + ‖γ ′y‖|2 + |‖x‖ − ‖γ ′y‖|2
2
)1/2
= (‖x‖2 + ‖γ ′y‖2)1/2,
where γ ′ = max{γ, γ√t − 1}. Hence X is 2-uniformly smooth.
The implication (i) ⇔ (ii) is a consequence of the equivalence of (i) and (iii) (put s = t = p).
This completes the proof. 
Remark 3. In the inequalities (14)–(16) one has γ  1. (Put x = 0 in (14), (15) and x1 = · · · =
xn−1 = 0 in (16).)
As is well known, Lr is 2-uniformly convex if 1 < r  2 and 2-uniformly smooth if
2  r < ∞. Therefore the inequalities (13), (5) and (6) in Theorem 1 hold in Lr (1 < r  2);
and the inequalities (14)–(16) in Theorem 2 hold in Lr (2 r < ∞). In the final section we shall
determine the best value of the weight γ in these inequalities for Lr .
4. Duality
Ball et al. [1] showed that Hanner’s inequalities (1) and (2) are equivalent. We shall extend
their result in the general Banach space setting.
Lemma 6. Let X be a Banach space and X∗ the dual space of X. Let 1 < t < ∞ and
1/t + 1/t ′ = 1. Then for any x, y ∈ X there exist x∗, y∗ ∈ X∗ such that(∣∣‖x‖ + ‖y‖∣∣t + ∣∣‖x‖ − ‖y‖∣∣t)1/t = 2(〈x, x∗〉+ 〈y, y∗〉) (17)
and |‖x∗‖ + ‖y∗‖|t ′ + |‖x∗‖ − ‖y∗‖|t ′ = 1.




(‖x‖ + ‖y‖)+ v(‖x‖ − ‖y‖)}
and the supremum is attained at some point (u0, v0) with |u0|t ′ + |v0|t ′ = 1. Then u0  v0  0
(note that if α  β  0, γ  δ  0, then αγ + βδ  αδ + βγ ). Let a = (u0 + v0)/2,
b = (u0 − v0)/2. Take x′, y′ in the unit sphere of X∗ such that ‖x‖ = 〈x, x′〉, ‖y‖ = 〈y, y′〉.
Then letting x∗ = ax′ and y∗ = by′, we have
(∣∣‖x‖ + ‖y‖∣∣t + ∣∣‖x‖ − ‖y‖∣∣t)1/t = u0(‖x‖ + ‖y‖)+ v0(‖x‖ − ‖y‖)
= (a + b)(‖x‖ + ‖y‖)+ (a − b)(‖x‖ − ‖y‖)
= 2(a‖x‖ + b‖y‖)= 2(a〈x, x′〉 + b〈y, y′〉)
= 2(〈x, x∗〉+ 〈y, y∗〉)
and ∣∣∥∥x∗∥∥+ ∥∥y∗∥∥∣∣t ′ + ∣∣∥∥x∗∥∥− ∥∥y∗∥∥∣∣t ′ = ∣∣|a| + |b|∣∣t ′ + ∣∣|a| − |b|∣∣t ′
= |a + b|t ′ + |a − b|t ′ = |u0|t ′ + |v0|t ′ = 1,
which completes the proof. 
Theorem 3. Let X be a Banach space and X∗ the dual space of X. Let 1 < s, t < ∞, 1/s+1/s′ =
1/t + 1/t ′ = 1 and α,β, γ > 0. Then the following are equivalent:
(i) For all x, y ∈ X,(∥∥α(x + y)∥∥s + ∥∥β(x − y)∥∥s)1/s  (∣∣‖x‖ + ‖γy‖∣∣t + ∣∣‖x‖ − ‖γy‖∣∣t)1/t . (18)
(ii) For all x∗, y∗ ∈ X∗,
(∥∥α−1(x∗ + y∗)∥∥s′ + ∥∥β−1(x∗ − y∗)∥∥s′)1/s′

(∣∣∥∥x∗∥∥+ ∥∥γ−1y∗∥∥∣∣t ′ + ∣∣∥∥x∗∥∥− ∥∥γ−1y∗∥∥∣∣t ′)1/t ′ . (19)
Proof. (i) ⇒ (ii). Note first that
(∥∥α−1(x∗ + y∗)∥∥s′ + ∥∥β−1(x∗ − y∗)∥∥s′)1/s′
= sup{〈u, α−1(x∗ + y∗)〉+ 〈v, β−1(x∗ − y∗)〉: ‖u‖s + ‖v‖s  1, u, v ∈ X}.
For u,v ∈ X with ‖u‖s + ‖v‖s  1, let x = (α−1u + β−1v)/2, y = (α−1u − β−1v)/2. Then
x + y = α−1u, x − y = β−1v. Since
(∣∣‖x‖ + ‖γy‖∣∣t + ∣∣‖x‖ − ‖γy‖∣∣t)1/t  (∥∥α(x + y)∥∥s + ∥∥β(x − y)∥∥s)1/s
= (‖u‖s + ‖v‖s)1/s  1
by (18), we have for any x∗, y∗ ∈ X∗,
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u, α−1
(
x∗ + y∗)〉+ 〈v, β−1(x∗ − y∗)〉
= 〈α(x + y), α−1(x∗ + y∗)〉+ 〈β(x − y), β−1(x∗ − y∗)〉
= 〈x + y, x∗ + y∗〉+ 〈x − y, x∗ − y∗〉
= 2(〈x, x∗〉+ 〈y, y∗〉)
 2
(‖x‖∥∥x∗∥∥+ ‖y‖∥∥y∗∥∥)
= (‖x‖ + ‖γy‖)(∥∥x∗∥∥+ ∥∥γ−1y∗∥∥)+ (‖x‖ − ‖γy‖)(∥∥x∗∥∥− ∥∥γ−1y∗∥∥)

(∣∣‖x‖ + ‖γy‖∣∣t + ∣∣‖x‖ − ‖γy‖∣∣t)1/t
× (∣∣∥∥x∗∥∥+ ∥∥γ−1y∗∥∥∣∣t ′ + ∣∣∥∥x∗∥∥− ∥∥γ−1y∗∥∥∣∣t ′)1/t ′

(∣∣∥∥x∗∥∥+ ∥∥γ−1y∗∥∥∣∣t ′ + ∣∣∥∥x∗∥∥− ∥∥γ−1y∗∥∥∣∣t ′)1/t ′ .
Hence we have (19).
(ii) ⇒ (i). Assume that (19) is true. By Lemma 6 for any x, γy ∈ X there exist x∗, γ−1y∗ ∈ X∗
such that(∣∣‖x‖ + ‖γy‖∣∣t + ∣∣‖x‖ − ‖γy‖∣∣t)1/t = 2(〈x, x∗〉+ 〈γy, γ−1y∗〉)= 2(〈x, x∗〉+ 〈y, y∗〉)
and |‖x∗‖ + ‖γ−1y∗‖|t ′ + |‖x∗‖ − ‖γ−1y∗‖|t ′ = 1. Therefore we obtain
(∣∣‖x‖ + ‖γy‖∣∣t + ∣∣‖x‖ − ‖γy‖∣∣t)1/t
= 2(〈x, x∗〉+ 〈y, y∗〉)
= 〈x + y, x∗ + y∗〉+ 〈x − y, x∗ − y∗〉
= 〈α(x + y),α−1(x∗ + y∗)〉+ 〈β(x − y),β−1(x∗ − y∗)〉

∥∥α(x + y)∥∥∥∥α−1(x∗ + y∗)∥∥+ ∥∥β(x − y)∥∥∥∥β−1(x∗ − y∗)∥∥

(∥∥α(x + y)∥∥s + ∥∥β(x − y)∥∥s)1/s(∥∥α−1(x∗ + y∗)∥∥s′ + ∥∥β−1(x∗ − y∗)∥∥s′)1/s′

(∥∥α(x + y)∥∥s + ∥∥β(x − y)∥∥s)1/s(∣∣∥∥x∗∥∥+ ∥∥γ−1y∗∥∥∣∣t ′ + ∣∣∥∥x∗∥∥− ∥∥γ−1y∗∥∥∣∣t ′)1/t ′
= (∥∥α(x + y)∥∥s + ∥∥β(x − y)∥∥s)1/s,
or we have (18). This completes the proof. 
By letting α = β = 21/t−1/s in Theorem 3, we have the following duality between (5)
and (15).
Corollary 1. Let X be a Banach space and X∗ the dual space. Let 1 < s, t,p < ∞, 1/s +1/s′ =
1/t + 1/t ′ = 1/p + 1/q = 1 and γ > 0.








holds in X if and only if the inequality








holds in X∗. In particular,
(ii) the inequality
‖x + y‖p + ‖x − y‖p  ∣∣‖x‖ + ‖γy‖∣∣p + ∣∣‖x‖ − ‖γy‖∣∣p (13)
holds in X if and only if∥∥x∗ + y∗∥∥q + ∥∥x∗ − y∗∥∥q  ∣∣∥∥x∗∥∥+ ∥∥γ−1y∗∥∥∣∣q + ∣∣∥∥x∗∥∥− ∥∥γ−1y∗∥∥∣∣q (14∗)
holds in X∗.
5. Another Hanner type inequalities and q-uniform convexity
In this section by putting a weight in the other side term we shall consider another Hanner type
inequalities with a weight, which in turn enables us to characterize the p-uniform smoothness
and q-uniform convexity of a Banach space X.
Theorem 4. Let 1 < p  2 and p  s ∞. Then a Banach space X is p-uniformly smooth if
and only if there exists γ > 0 such that(‖x + y‖p + ∥∥γ (x − y)∥∥p)1/p  (∣∣‖x‖ + ‖y‖∣∣s + ∣∣‖x‖ − ‖y‖∣∣s)1/s (21)
for all x, y ∈ X.
Proof. Assume that X is p-uniformly smooth. Then there exists K > 0 such that (‖u + v‖ +
‖u−v‖)/2 (‖u‖p +‖Kv‖p)1/p for all u,v ∈ X by Lemma 4. By putting u = x+y, v = x−y
we have ‖x‖ + ‖y‖ (‖x + y‖p + ‖K(x − y)‖p)1/p. Hence
∣∣‖x‖ + ‖y‖∣∣p + ∣∣‖x‖ − ‖y‖∣∣p  ‖x + y‖p + ∥∥K(x − y)∥∥p + ‖x − y‖p
= ‖x + y‖p + ∥∥γ (x − y)∥∥p,
where γ = (Kp + 1)1/p . Therefore we have
(‖x + y‖p + ∥∥γ (x − y)∥∥p)1/p  (∣∣‖x‖ + ‖y‖∣∣p + ∣∣‖x‖ − ‖y‖∣∣p)1/p

(∣∣‖x‖ + ‖y‖∣∣s + ∣∣‖x‖ − ‖y‖∣∣s)1/s .
To see the converse, we may assume s = ∞, that is,(‖x + y‖p + ∥∥γ (x − y)∥∥p)1/p  ‖x‖ + ‖y‖.
Putting x + y = u, x − y = v, we have the following p-uniform smoothness inequality (‖u‖p +
‖γ v‖p)1/p  (‖u + v‖ + ‖u − v‖)/2. 
1238 Y. Yamada et al. / J. Math. Anal. Appl. 324 (2006) 1228–1241Remark 4.
(i) In the inequalities (21) one has γ  1 (put x = −y).
(ii) The inequality (21) is the strongest with s = p. In case of 1  s < p it does not hold even




(τ + 1)p/s − τp/s}1/p = (p/s)1/p(τ + θ)1/s−1/p → ∞ as τ → ∞,
where 0 < θ = θ(τ ) < 1.
As is known, a Banach space X is p-uniformly smooth if and only if the dual space X∗ is
q-uniformly convex, where 1 < p  2 and 1/p+1/q = 1. Theorem 4 combined with Theorem 3
yields the following result on q-uniform convexity.
Theorem 5. Let 2 q < ∞, 1 t  q . A Banach space X is q-uniformly convex if and only if
there exists γ > 0 such that(‖x + y‖q + ∥∥γ (x − y)∥∥q)1/q  (∣∣‖x‖ + ‖y‖∣∣t + ∣∣‖x‖ − ‖y‖∣∣t)1/t (22)
for all x, y ∈ X.
We note here that in the case t = 1 we cannot use our duality theorem (Theorem 3),
whereas the inequality (22) with t = 1 is equivalent to the q-uniform convexity inequality
(‖u‖q + ‖γ v‖q)1/q max{‖u + v‖,‖u − v‖}.
Remark 5. One has 0 < γ  1 in (22). The inequality (22) is the strongest with t = q . In case
of q < t < ∞ it is not valid even in R.
6. The best weight constant for Lp
In this section we shall determine the best value of the weight γ in our inequalities for Lp .


























for all finite systems x1, . . . , xn in X, respectively. We need the next lemma.

















For 2 p < ∞ the reverse inequality holds true.
Y. Yamada et al. / J. Math. Anal. Appl. 324 (2006) 1228–1241 1239Theorem 6. Let 1 < p  2 and 1 < s, t < ∞. Then the Hanner type inequalities (5) and (6) hold
in Lp with the best constant































holds in R with some γ > 0 by Theorem 1. Let a = 1 and 0 < b 1. Then{













2 {(1 + b)s + (1 − b)s}
]1/s − 1





2 {(1 + b)s + (1 − b)s}
]1/s−1 · 12 {(1 + b)s−1 − (1 − b)s−1}s





· (1 + b)
s−1 − (1 − b)s−1





· (s − 1){(1 + b)
s−2 + (1 − b)s−2}
(t − 1){(1 + γ b)t−2 + (1 − γ b)t−2}
= s − 1
γ 2(t − 1) ,
from which it follows that γ 
√




( |‖x‖p + ‖γy‖p|t + |‖x‖p − ‖γy‖p|t
2
)1/t
holds in Lp with some γ > 0. Noting that l2p is embedded into Lp , we let x = (a, a), y =
(b,−b) ∈ l2p (a, b ∈R). Then since
‖x + y‖p = ‖x − y‖p =
(|a + b|p + |a − b|p)1/p,
and
‖x‖p = 21/p|a|, ‖y‖p = 21/p|b|,








which is (25) with s = p. Therefore according to the above discussion we have γ √
(p − 1)/(t − 1). Thus we have (24).

















































































































where γ = √(s − 1)/(t − 1). Consequently we obtain (26), which completes the proof. 


























for all finite systems x1, . . . , xn in X, respectively. Clearly γ (s,t;2)(X)  γ (s,t)(X). For Lp
(2 p < ∞) we have the following.
Y. Yamada et al. / J. Math. Anal. Appl. 324 (2006) 1228–1241 1241Theorem 7. Let 2 p < ∞ and 1 < s, t < ∞. Then the Hanner type inequalities (15) and (16)
hold in Lp . The best value of the weight γ in (15) is given by


















t ′ − 1 ,
√
s′ − 1













Problem. Determine γ (s,t)(Lp) (2 p < ∞).
Remark 6. As Hanner’s inequality (1) is valid in Lp (1 < p  2), the best value for Lp
(1 < p  2) of γ in (21) is 1. Similarly the best value for Lq (2 q < ∞) of γ in (22) is 1.
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